.
, Cohen
(forcing) , Cantor (2 ω = ω 1 ) ( [6] , [7] ). . , ZFC(
, P 0, 
• V α+1 = P(V α ).
• V α = ∪ β<α V β (α ).
1.5.
,
1.6.
1.
x , x x , TC(x) .
2.
κ , H κ := {x : |TC(x)| < κ} . L-φ(x 1 , ..., x n ) a 1 , ..., a n ∈ N , N |= φ(a 1 , ..., a n ) ⇔ M |= φ(j(a 1 ), ..., j(a n )).
, j N M , N ≺ M . , :
L-φ(x, y 1 , . . . , y n ) a 1 , . . . , a n ∈ M , N |= ∃xφ(x, a 1 , . . . , a n ) , b ∈ M N |= φ(b, a 1 , . . . , a n ).
(C, R)
:⇔ C X , ∃y ∈ X, ∀z ∈ X, (z, y) ̸ ∈ R.
:⇔ x ∈ C {y ∈ C : (y, x) ∈ R} .
:⇔ ∀x, y ∈ C, (∀z ∈ C ((z, x) ∈ R ⇔ (z, y) ∈ R) ⇒ x = y).
π(x) = {π(y) : y ∈ C, (y, x) ∈ R}.
M := ran(π) . π (C, R) (M, ∈) , M .
M (C, R) .
• (x ∈ y) M ≡ x ∈ y.
• (x = y) M ≡ x = y.
: ∀a 1 , ..., a n ∈ M (φ M (a 1 , ..., a n ) ↔ φ N (a 1 , ..., a n )).
, M, V M .
, ..., j(a n )).
(P, ≤)
, p, q ∈ P .
• p ⊥ q ( ) :⇔ ¬(p ∥ q).
P
, F ⊂ P . , F P :
, F :
, :
. (1 ) : .
(2 ) :
3. x n+1 = ∪ α<γ a n,α (∀n < ω).
2.17.
2.21.
C|A club .
2.17
. ,
, (jf )(j"λ) = (jg)(j"λ).
3.17 (Laver) .
, .
). 
4.8.
P , ˇ: V → V P : x = {(y, 1) : y ∈ x}. ˇ . 4.9. P ∈ V , G V P -generic . , x ∈ V x G = x. , V ⊂ V [G].
P
, ω 1 -closed countably closed .
κ
, P .
• κ P κ-c.c. , P κ .
• P κ-closed , P κ . 
4.18.
1
3.
4.
⟨⟨P
β : β ≤ α⟩, ⟨Q β : β < α⟩⟩ , β ≤ α . 1. β p , P β ; p ∈ P β ⇔ γ < β p|γ ∈ P γ , ,γ ≤ ∀ξ < β [p(ξ) = 1]. 2. β p , P β ; p ∈ P β ⇔ γ < β , p|γ ∈ P γ .
β : β ≤ α⟩, ⟨Q β : β < α⟩⟩ , β ≤ α . , cf(β) > ω P β , cf(β) = ω P β . 4.24. κ , cf(α) > ω, ⟨⟨P β : β ≤ α⟩, ⟨Q β : β < α⟩⟩ . , β < α P β κ-c.c. , P α . cf(α) ̸ = κ , {β < α : P β } , P α κ-c.c. . . κ W ⊂ P α . W P α . W = {p ξ : ξ < κ} . (cf(α) ̸ = κ ): P α . , Z := {p ∈ W : supt(p) ⊂ β} κ β < α . β < α . cf(α) > κ . ξ < κ supt(p ξ ) ⊂ β ξ β ξ < α . β := sup ξ<κ β ξ . ξ < κ supt(p ξ ) ⊂ β . cf(α) < κ . f : cf(α) → α . λ ξ (ξ < cf(α)) {p ∈ W : supt(p) ⊂ f (ξ)} . , κ = |W | = | ∪ ξ<cf(α) {p ∈ W : supt(p) ⊂ f (ξ)}| ≤ cf(α) · sup ξ<cf(α) λ ξ . cf(α), sup ξ<cf(α) λ ξ < κ , . β . {p|β : p ∈ Z} ⊂ P β P β κ-c.c. , p, q ∈ Z p ̸ = q, p|β ∥ P β q|β . , supt(p), supt(q) ⊂ β , p ∥ P α q . , W P α . (cf(α) = κ ): ⟨α ξ : ξ < κ⟩ , sup ξ<κ α ξ = α . C := {η < κ : ∀ξ < η, supt(p ξ ) ⊂ α η }, S := {η < κ : P α η , η } . , P α , α ξ , C κ club . , {β < α : P β } α , C ′ κ club {α η : η ∈ C ′ } α club , S κ . S ∩ C . , ξ ∈ C ∩ S , supt(p ξ ) ∩ α ξ ⊂ α γ(ξ) γ(ξ) < ξ . Fodor , S ′ ⊂ C ∩ S γ < κ , ξ ∈ S ′ γ < ξ supt(p ξ ) < α ξ α ξ ⊂ α γ . {p ξ |α γ : ξ ∈ S ′ } ⊂ P α γ P α γ κ-c.c. , ξ < η ξ, η ∈ S ′ p ξ |α ξ ∥ P α γ p η |α γ . q ∈ P α , p ξ |α ξ p η |α γ . , ξ, η , . • α γ < α ξ < α η , • q ≤ p ξ |α γ , q ≤ p η |α γ , • supt(p ξ ) ∩ α ξ ⊂ α γ , supt(p η ) ∩ α η ⊂ α γ , • supt(p ξ ) ⊂ α η . r = q ∪ (p ξ |[α γ , α η )) ∪ (p η |[α η , α)) , r ∈ P α r ≤ p ξ , p η . p ξ ∥ P α p η . , W . 4.25. κ ω 1 , ⟨⟨P β : β ≤ α⟩, ⟨Q β : β < α⟩⟩ , α < κ P α κ-c.c. . , P κ κ-c.c. . . cf(κ) > ω , P κ . {α < κ : cf(α) = ω 1 } , α < κ , cf(α) = ω 1 P α , {α < κ : P α } . , 4.24 P κ κ-c.c. .
Proper
. " , P proper .
P
proper , G V P -generic .
5.3.
proper ω 1 ( , ω 1 = ω 1 ).
.
5.4. c.c.c. proper .
. c.c.c. P λ . p P "Ċ P ω 1 (λ) club. " . p "D ⊂Ċ "
2.19
P
. ;
. (2 → 1): 5.8 .
{r : ∃ȧ ∈ domẋ r "ȧ ∈ẋ and f (α) =ȧ"}. a 1 , . .., a n ).
, n = 1 , a 1 = a, y 1 = y . .
• "D ∩Ġ ̸ = ∅"
5.20 (Shelah) .
, P α , q ≤ p q P α "p ∈Ġ" . , 5.21 γ = 0, q 0 = 1 P 0 (P 0 = {1 P 0 }) .
5.21
P
proper,Q ∈ V P , P "Q proper " . θ ,
. (M, P γ n )-generic q n ṗ n ∈ V P γ n (n < ω) :
• n < ω , q n γ n "ṗ n ∈ P α ∩ M,ṗ n ≤ṗ n−1 ,ṗ n ∈ D n−1 ,ṗ n |γ n ∈Ġ γ n ". q n ,ṗ n n . n q n ,ṗ n .
q n γ
r γ n "p|γ n ∈Ġ γ n " p ∈ P α ∩ M r ≤ q n . s γ n "p ′ ≤ p ∧ p ′ |γ n ∈ G γ n " s ≤ r p ′ ∈ D n ∩ M . , s ≤ r p ′ ∈ D n ∩ M p ′ ≤ p s ≤ p ′ |γ n . D = {p ′ |γ n : p ′ ∈ D n and p ′ ≤ p} ∪ {s ∈ P γ n : s γ n "p|γ n / ∈Ġ γ n "} . , D M D ∈ M . , D P γ n . .
, y ≤ x , y γ n "p|γ n / ∈Ġ γ n " y γ n "p|γ n ∈Ġ γ n " y . , y ∈ D . , P γ n , y ≤ p|γ n .
, (M, P γ n+1 )-generic q n+1 q n+1 |γ n = q n q n+1 γ n+1 "ṗ n+1 |γ n+1 ∈Ġ γ n " . , p n ,q n (n < ω) . D-generic D .
(Baumgartner-Shelah)
, P P "PFA"
. κ , f : κ → V κ Laver . P κ
• crit(j) = κ,
